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ABSTRACT

The research to be described has been supported in part by the

Office of Naval Research under Contract Nonr-1866(19) and by the National

Seience Foundation under NSF G-10021. This report is the second half of a

doctoral thesis submitted to the Physics Department of Harvard University.

The first half is being submitted for publication to the Physical Review,

and describes measurements of the hyperfine frequency of cesium which

is perturbed by collisions with coated walls. It was found that for

saturated hydrocarbon coatings, resonances were observed after as many as

200 bounces. The conclusion of the experiment was that in the case of

atomic hydrogen, a greatly increased number of bounces should be possible.

in atomic hydrogen maser apparatus has been constructed and

maser oscilletion at the hydrogen hyperfine frequency has been observed,

Relaxation times of .3 seconds have been measured corresponding to

approximately 10,000 wall collisions. The theory of the maser is described

as well as those factors affecting the stability of the maser as an

oscillator. The characteristics of the pulsed and CW maser are

described. Generalized magnet calculations are presented in an

Appendix.
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and describes measurements of the hyperfine frequency of cesium which 

is perturbed by collisions with coated walls. It was found that for 

saturated hydrocarbon coatings, resonances wer e observed after as many aa 

200 bounces. The conclusi on of the experiment was that in the case of 

atomic hydrogen, a greatly i ncreased number of bounces should be possible . 

An atomic hydrogen maser apparatus has been constructed and 

maser oscillation at the hydrogen hyperfine frequency has been observed. 

Relaxation times of . 3 seconds have been measured corresponding to 

approximately 10,000 wall collisi ons. The theory of the maser i s described 

as well as those factors affecting the stability of the maser as an 

oscillator. The characteristics of the pulsed and CW maser are 

described. Generalized magnet calculations are presented i n an 

Appendix. 



CHAPTER¥

INTRODUCTION

The first part of this paper has described an experiment in which

the atomic beam separated oscillatory field technique was applied to

the measurement of the hyperfine frequency of cesium which is perturbed

by collisions with storage box walls. It was found that for wall

coatings of straight saturated hydrocarbons, resonances could be

observed after as many as 200 wall collisions. From the results of

this experiment it was concluded that in the case of atomic hydrogen,

the tolerable number of wall collisions might well exceed 100, 000.

With this number of collisions, storage times of on the order of

seconds can be realized, enabling spectroscopic measurements of

unprecedented precision.

Those wall coatings which gave the best results with cesium are

also expected to work with hydrogen in a stored beam experiment, but

the beam technique is made prohibitively difficult by the problem of

detection of the atomic hydrogen. However, the anticipation of extremely

long storage times suggests the possibility of directly observing maser

oscillation at the hydrogen hyperfine frequency (GOR 55).

Maser action with free atoms has not been previously observed up

to this experiment due to the wealmess of their radiation matrix elements.

For atoms, the characteristic magnetic dipole matrix element is about

100 times smaller than the corresponding electric dipole matrix element

of molecules, such as used in the ammonia maser (GOR 55). Although
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The first part of this paper has described an experiment in which 

the atomic beam separated oscillatory field technique was applied to 

the measurement of the hyperfine frequency of cesium which is perturbed 

by collisions with storage box walls . It was found that for wall 

coatings of straight saturated eydrocarbons, resonances could be 

observed after as many as 200 wall collisions. From the r esults of 

this experiment it was concluded that in the case of atomic hydrogen, 

the tolerable number of wall collisions might well exceed 100,000. 

With this number of collisions, storag_e times of on the order of 

seconds can be realized, enabling spectroscopic measurements of 

unprecedented precision. 

Those wall coatings which gave the best results with cesium are 

also expected to work with hydrog~n in a stored beam experiment, but 

the beam technique is made prohibitively difficult by the probl em of 

detection of the atomic hydrogen. However, the anticipation of extremely 

long storage times suggest s the possibi lity of directly observing maser 

oscillation at the hydrogen hyperfine frequency (GOR 55) . 

Maser action with free atoms has not been previously observed up 

to this experiment due to the weakness of their radiation matrix elements. 

For atoms, the characteristic magneti c dipole matrix element is about 

100 times smaller than the corresponding electri c dipole matrix element 

of molecules, such as used in the ammonia maser (GOR 55). Although 
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criteria for maser oscillation depend on the square of these matrix

elements, this factor can be compensated for by a large increase in

the average time of interaction between the atoms and fields of

the cavity. For an atomic hydrogen maser oscillator, average inter-

action times approaching one second are required.

An atomic hydrogen maser device has been constructed which

utilizes the stprage box principle to obtain the requisite interaction

times. Oscillation at the hyperfine frequency has been observed, and

mean interaction times of 0.3 seconds have been measured using

storage bulbs coated with paraffins or Dri-Film (dimythldichlorosilane).

These relaxation times suggest the hydrogen atoms are not

significantly perturbed after as many as 10,000 collisions with

coated walls. The width of the hyperfine line is about 1 cps, which

corresponds to a Q exceeding 107, In hte case where the critical

requirements for oscillation are not met, stimulated emission in the

hydrogen can be observed using a pulse technique.

The following chapter gives a description of the apparatus

and associated pulse and frequency stabilization circuitry. In Chapter

VII, the theory of the atomic hydrogen maser is discussed as well as

those factors which affect ita stability as an oscillator. The theory

for the pulsed stimlated emission is also described. The final

chapter describes some preliminary results on the measurement of the

hyperfine structure separation in hydrogen. Characteristics of the

pulsed and CW maser are discussed. A collection of useful field

quantities, and generalized magnet solid angle calculations are

presented in the appendices.
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CHAPTER V1

APPARATUS

A schematic diagram of the apparatus is seen in Figure 19.

A beam of hydrogen atoms is produced in a Wood's discharge tube.

Those atoms in the F=1 m,=0 state are focussed by a aix-pole electro-

magnet into the entrance aperture of a coated quartz bulb located

in a microwave cavity. The cavity is tuned to the frequency of the

hyperfine transition, approximately 120 mc/sec. A microwave pulse

at this frequency with an appropriate amplitude and duration places

atoms in the bulb in a radiating state. The decay of energy from

the cavity after such a 90° pulse measures the lifetime of atoms

in the bulb. If this relaxation time is sufficiently long, the power

radiated by the beam can overcome cavity logses and maintain a

relatively high power level ip the cavity. Under these conditions

the maser oscillates spontaneously without axternal pulsing.

The following sections describe the apparatus and associated

equipment.

Vacuum System

The vacuum envelope consists of a source chamber housing the

Wood's discharge tube and a detector chamber consisting of the beam

tube and storage box. The two chambers are connected by a 1/2"

diameter tube, 12" long, which passes through the gap of the magnet.

There is a circular stop 3/16" in diameter at the entrance to the

-------------------

51 

CHAPTER Vl 

APPARATUS 

A schematic diagram of the apparatus is seen in Fi'gµre 19. 

A beam of hydrogen atoms is produced in a Wood 's discharge tube. 

Those atoms in the F•l ~ mO state ai:e focussed by a six-pol e electro

magnet into the entrance aperture of a coated quartz bulb located 

in a microwave cavity. The cavity UJ tuned to the frequency of the 

hyperfine transition, approximately 1h20 me/sec. A microwave pulse 

at this frequency with an appropriate amplitude and duration places 

atoms in the bulb in a radiating state. ThB decay of energy from 

the cavity after such a 90° pulse measures the lifetime of atoms 

in the bulb. If this relaxation tima is sufficiently long, the power 

radiated by the beam can overcome cavity losses and maintain a 

relatively high power level ip the cavity. Under these conditions 

the maser oscillates spontaneously wi.thout external pulsing. 

The following sections describe the apparatus and associated 

equipment. 

Vacuum System 

The vacuum envelope consists of a source chamber housing the 

Wood's discharge tube and a detector chamber consisting of the beam 

tube and storage box. The two chambers are connected by a 1/2" 

diameter tube, 12" long, which passes through the gap of the magnet. 

There is a circular stop 3/16" in diameter at the entrance to the 
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magnet tube. The main part of the beam tube is " in diameter and

36" Long and connects to the entrance aperture of the storage box.

The source chamber 1s pumped by an Edwards 643 mercury diffusion

pump through a liquid nitrogen trap. The baffle chamber is pumped

by a similar Edwards pump through two traps, one of which is bakeable.

Most demountable joints in the system are sealed with aluminum

O-rings, which are discussed in Chapter III. The discharge tube

flange and the microwave cavity flange are both sealed with neoprene

or teflon O-rings and are the only non-bakeable sections of the

apparatus. With the beam off, the preasure ia the beam tube chamber

is about 3 x 10-8 mm; with the beam on this rises to about 2 x 107" am,

with a source chamber pressure of 2 x ww? ma.

Source

Atomic hydrogen is produced hy means of a high voltage DC

discharge. Figure 20 is a diagram of the Woad's discharge tube.

Water cooled aluminum electrodes are sealed through the ends of a

pyrex U-tube. The tube, 11 mm heavy-walled Pyrex, is cooled over

half its length within a circulating water jacket. A thin quartz

disk with a .030" diameter hole is waxed to a ground seal at the

U bend, forming the source aperture. The tube and jacket assembly

is mounted on a bellows arrangement, and can he aligned by means of

two micrometer screws. Molecular hydrogen is fed to the discharge

tube through a calibrated leak valve. The discharge runs stably at

a hydrogen pressure of several tenths of a millimeter Hg. The

dissociation efficiency of the source seems to be improved by coating

magnet tube . The main part of the beam. tube is L" in diamet er and 

36" long and connects to the entrance apertur~ of the storage box. 

The source chamber is pumped by an Edwards 6MJ mercury diffusion 

pump through a liquid nitrogen trap. The baffle chamber is pumped 

by a similar Edwards pump through two traps1 one of which is bakeable. 

Most demountable joints in the system are sealed with aluminum 

0-rings, which are discussed in Chapter III. The discharge tube 

flange and the microwave cavity flange are both sealed with neoprene 

or tenon 0-rings and are the only non-bakeable sections of the 

apparatus. With the beam off, the preasure iu the beam tube chamber 

is about 3 x 10-
8 

mm; with the beam on this rises to about 2 x 10-7 mm, 

with a source chamber pressure of 2 x 10-.5 mm.. 

Source 

Atomic hydrogen is produced 1w' means of a high voltage DC 

discharge. Figure 20 is a diagram of the Woad's discharge tube. 

Water cooled aluminum electrodes are sealed through the ends of a 

pyrex U-tube. The tube, 11 mm heavy-walled Py.rex, is cooled over 

half its length within a circulating water jacket. A thin quartz 

disk with a . 030" diameter hole is waxed to a ,ground seal at the 

U bend, forming the source aperture. The tuba and jacket assembly 

is mounted on a bellows arrangement, and can he aligned by means of 

two micromet er screws . Molecular hydrogen is Ied to the discharge 

tube through a calibrated leak valve. The discharge runs stably at 

a hydrogen pressure of several tenths of a millimeter Hg. The 

dissociation efficiency of the source seems to be improved by coating 
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with Dri-Film, also a successful coating for storage box walls.

The discharge 1s run at about | ky and draws a direct current of

approximately 150 ma.

State Selecting Magnet

The state selector is the B magnet of the Cesium experiment,

and is described in Chapter III. The calculated effective solid

angle of this magnet for atoms in the Fel state to be focussed

5 ster.
into the .080" entrance aperture of the storage box is 6 x 10"

For a discharge tube pressure of 0.1 um Hg and source aperture of

.030", this corresponds to a flux of atoms in the correct state to

2
the quartz bulb of 3 x 10 In practice, the source is run

at several tenths of a mm pressure.

solid angle of the magnet are given in Appendix A.

-1
sec .

Calculations for the effective

Storage Boxes
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The discharge is run at about L kv and draws JJ. direct current of 

approximately 150 ma. 

State Selecting Magnet 

The state selector is the B magnet of the Cesium experiment, 

anci is described in Chapter III. The calculated effective solid 

angle of this magnet for atoms in the F=l ~=0 state to be focussed 

into the .080" entrance aperture of the storage box is 6 x 10-5 ster. 

For a discharge tube pressure of 0.1 IJllU Hg and source aperture of 

.030", this corresponds to a flux of atoms in the correct state to 

the quartz bulb of 3 x 1012 sec-1. In ,practice, the source is run 

at several tenths of a mm pressure. Calcu.J.a.t;Lons for the effective 

solid angle of the magnet are given in Append:Lx A. 

Storage Boxes 

In this experiment, the storage box also serves as part 

of the vacuum envelope. It must be capable of withstanding atmos

pheric pressure and must have a low microwave loss factor to not 

degrade the cavity Q. Most glasses do not meet the latter 

requirement, and fused quartz was chosen (Syn 60). Bulbs were used 

ranging in diameter from 3 to 6 inches, and with apertures of from 

""2-,-,to 9 mm. All bulbs have wall thicknesses of 1 mm and were supported 

by two collinear tubes on opposite diameters of the sphere. One of 

the Btlpport tubes was sealed off next to the sphere, while a small 

hole in a dis~ in the other tube formed the entrance aperture. The 
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entrance tube was sealed by a neoprene Q-ring through a small hole

in the cavity flange.

Two wall coatings have been used with success; paraflint

ang Dri-Film (Gen 60). Dri-Film coated bulba were used in most of

the work, however, as it could be more easily and reliably applied

on the quartz. The bulbs were first prepared by several boilings

in dichromate solution, followed by many distilled water rinses.

The Dri-Film was injected in the bulbs through a hypodermic needle.

An excess was injected to ensure completa contact with the interior

surface. After draining, the bulbs were. roughed by a small mechanical

pump before being placed in the apparatus.

Paraflint has also been used in the cesium

exppriment, and is fully discussed in Chapter IV. In this case,

the paraflint was coated on the quartz in great excess, to ensure

complete coverage. The excess was drained out when molten. The

paraflint coated bulbs were less than those using Dri-

Film as they invariably required baking at some temperature above

the paraflint melting point.

MicrowaveCavity and Helmholz Coils.

The hyperfine frequency of hydrogen lies at approximately

1420 me/sec, a wavelength of about 21 cm A cylindrical cavity

resonant at this frequency in the mode was chosen because it

has a magnetic field along the axis whose phase is constant over a

cylindrical region of .63 the cavity radius and of the full cavity

length. This mode has the additional advantage of having current nodes

entrance tube was sealed by a neoprene 0-ring through a small hole 

in t,he cavity flange. 

Two wall coatings have been used with success; paraflint 

anq Dri-Film (Gen 60). Dri-Film coated bulba vere used in most of 

the work, however, as it could be more easily and reliably applied 

on the quartz. The bulbs were first prepared by several boilings 

in dichromate solution, followed by many distilled water rinses. 

The Dri-Film was injected in the bulbs through a hypodermic needle. 

An excess was injected to ensure complete c~ntact with the interior 

surface. After draining, the bulbs were~ rouglla.d by a small mechanical 

pump before being placed in the apparatus. 

Paraflint has also been used succesatully in the cesiUJll 

e~riment, and is fully discussed in Chapter Dl. In this case, 

the paraflint was coated on the quartz in grea~ excess, to ensure 

complete coverage . The excess was drained out when molten. The 

paraflint coated bulbs were less conveniant tban those using Dri

Fil11 as they invariably r equired baking .-at soma temperature above 

the paraflint melting point. 

MicrowaveCavit y and Helmholz Coils . 

The hyperfine f requency of hydrogen lies at approximately 

1h20 me/sec, a wavelength of about 21 cm. A cylindrical cavity 

resonant at this frequency in the TE011 mode was chosen because it 

has a magnetic field along the axis whose phase is constant over a 

cylindrical r egion of .63 the cavity radius and of the full cavity 

length. This mode has the additional advantage of having current nodes 
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at the end joints, which allows high Q without careful machining.

The field equationsappropriate to this mode are

H, = sin ( 2)

* gy (ir) cos LC

0

where L ig the length and 2a the diameter of the cavity. Also

2
KP 2" (2n/r)®

J (ka) = 0

Several field averages of importance in this experiment are compiled

in Appendix B.

The cavity has a diameter of 11", a length of 14". It is

made of fused quartz and has its inside surface silver plated. Its

normal resonant length is about 11", but this reduces to about 9"

when the cavity is loaded by a typical 6" diameter quartz bulb.

The TE mode is degenerate with the T4453 mode, but the bulb splits

the degeneracy completely. The cavity is tuned by a movable end

plate mounted on a partially temperature compensated support.

A single coupling loop can ba rotated to provide a variable

loading of the cavity. The unloaded Q exceeds 80,000, and this value

ig reduced by no more than a few percent by the quartz bulb.

Since the rf field points along the z or beam axis, the

magnetic field of the earth must be compensated. Three sets of

-------------------=-=---------CC:li-.....,_, ______ ,_....._ __ .. _ -
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Several field averages of importance in this experiment are compiled 

in Appendix B. 

The cavity has a diameter of 11", a length of 1h11 • It is 

made of fused quartz and has its inside surface silver plated. Its 

normal resonant length is about 11", but this reduces to about 911 

when the cavity is loaded by a typical 6" diameter quartz bulb. 

The TE011 mode is degenerate with the '™iii mode, but the bulb splits 

the degeneracy completely. The cavity is tuned by a movable end 

plate mounted on a partially temperature compensated support. 

A single coupling loop can be rotated to provide a variable 

loading of the cavity. The unloaded Q exceeds 80,000, and this value 

is reduced by no more than a few percent by the quartz bulb. 

Since the rf field points along the z or beam axis, the 

magnetic field of the earth must be compensated. Three sets of 
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Helmholz coils were constructed for this purpass. The vertical component

of the earth's field is cancelled by a set of 18" diameter and 36"

separation. The horizontal field cancelling coils are of 27" diameter

and 20" separation, while the Z field coils are of 35" diameter and

25" separation. The calculated homogeneity over a 6" sphere at their

common center ia about 6 milligauss.

Microwave Receiver and Frequency Stabilization.
eee, ab

The power to be expected from the maser is approximately

10712 to 19713 watts. As the power spectrum is only about 1 cps wide,

the inherent signal to noise ratio is extremely high if the narrow band

of the line can be utilized. The stimulated emission from the cavity

was observed by two techniques; pulse and CW. The latter scheme was

only applicable when the maser was oscillating, although

the pulse technique could be used when the conditions for oscillation

were not met.

Figure 21 is a schematic diagram of the detector arrangement

used with the pulse technique. Microwave tuning elements have not

been indicated. The Gertsch FM-lA provides local oscillator power

for the klystron lock-in circuit, while the beat reference signal is

supplied by the Gertsch AM-1. In addition the same two oscillators

provide local oscillator power and reference signal to the receiver

which allows coherent detection.

The klyatron pulse is attenuated by a variable waveguide-

beyond-cutoff and is loop-coupled into the end plate of the cavity

through the side arm of a 10 db directional coupler. Signal power from

-
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through the aide arm of a 10 db dir ect ional coupler. Signal power from 
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the cavity 1s coupled out by the same loop through the straight arm

of the directional coupler to a single ended balanced mixer. (SAG 60).

The signal passes through a preamplifier (IFI No. 205A), a 00 ke

tuned amplifier and a broadband amplifier (IFI No. M235) of variable

gain. The overall gain can be varied between 0 and 120 db. ‘he IF

amplifier is followed by the dual diode phase discriminator shown

in Figure 23. This circuit mixes the datected signal with the AM-1

and presents an output at the difference frequency of the klystron and

the hydrogen signal whose amplitude decays with the characteristic

relaxation time of the hydrogen. A typical oscilloscope trace is

seen in Figure 26. The decay rate of the envelope provides a direct

measure of the relaxation time for atoms.within the bulb. If the

klystron is swept, the train of decaying signals can be rectified

and integrated for recorder display of line shape.

The hydrogen hyperfine frequency measurements were most

conveniently made with the maser oscillating. Figure 2) is a block

diagram of the detector used for these measurements. The circuit for

the 29.6 me/sec synthesizer is given in Figure 25. It is seen that

all frequencies are synthesized directly from standard outputs from

an Atomichron with the exception of the 100 kc/sec time base for the

counter. The stability of the counter 100 ke is not a source of error,

and a small fixed correction is made for absolute calibration of the

signal. The stability of the counted frequency was then limited only

by the fluctuations in the Atomichrpn and noise generated in the

synthesizing circuitry.

I .... ., - lffll I 111'!1 IIIIIJfEIC c lltt\UCiL 
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the cavity is coupled out by the same loop through the straight arm 

of the directional coupler to a single ended balanced mixer. {SAG 60). 

The signal passes through a preamplifier (IFI No. 205A), a LOO kc 

tuned amplifier and a broadpand amplifier (IFI No. M235) of variable 

gain. The overall gain can be varied between LO and 120 db. The IF 

amplifier is followed by the dual. diode phase discriminator shown 

in Figure 2.3. This circuit mixes. the detected signal with the AM-1 

and presents an output at the differenc£ frequency of the klystron and 

the hydrogen signal whose amplitude dec~s with the characteristic 

relaxation time of the hydrogen. A typical oscilloscope trace is 

seen in Figure 26. The decay rate of the envelope provides a direct 

measure of the relaxation time for atoms. within the bulb. If the 

klystron is swept, the train of decaying signals can be rectified 

and integrated for recorder display of line shape. 

The hydrogen hyperfine frequency measurements were most 

conveniently made with the maser oscillating . Figure 2L is a block 

diagram of the detector used for these measurements. The circuit for 

the 29.6 me/sec synthesizer is given in Figure 25. It is seen that 

all frequencies are synthesized directly from standard outputs from 

an Atomichron with t he exception of the 100 kc/sec time base for the 

counter. The stability of the counter 100 kc is not a source of error, 

and a small fixed correction is made for absolute calibration of the 

signal. The stability of the counted frequency was then limited only 

by the fiuctuationa in the Atomichron and noise generated in the 

synthesizing circuitry. 
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Stability of the Frequency Standard

The primary frequency standard used in this experiment was

the Atomichron which is operated and monitored by J. BR. Plerce in the

Cruft Laboratory. The long term stability of this device is about 1

part in 1919, and over any period of a few hours, its average frequency

could be checked against several other standards. However, over

consecutive ten second counting intervals, fluctuations in the converted

signal from the maser of up to 1 cps, about one part in 107, were

observed. It is believed that the fluctuations were due to instabllity

in the servo system of the Atomichron. This hypothesis was strength-

ened by substituting a second Atomichron as the standard. This

Atomichron was located in our laboratory, and had a lower gain in the

servo loop than the Pierce Atomichron. With this Atomichron, the spread

in consecutive ten second counts were typically 0.3 cps, where 0.2 cps

represents the counting uncertainty inherent to the counter.

Stability of the Frequency Standard 

The primary frequency standard used i n this experiment was 

the Atomichron which is operated and monitor ed by J . R. Pier ce i n the 

cruft Laboratory. The long term stability of this device is about 1 

10 part in 10 , and over any period of a few hours, its average frequency 

could be checked against several other standards. However, over 

consecutive ten second counting intervals1 fluctuations in the converted 

signal from the maser of up to 1 cps, about one part in 109, wer e 

observed. It is believed that the fluctuations were due to instability 

in the servo system of the Atomichrou. This hypothesis was strength

ened by substituting a second Atomichron as the standard. This 

Atomichron was located in our laboratory, and had a lower gain in the 

servo loop than the Pierce Atomichron. With this Atomichron, the spread 

in consecutive ten second counts were typically 0.3 cps, where 0.2 cps 

represents the counting uncertainty inherent to the counter. 
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CHAPTER VIT

The theory of the ammonia maser has been well described in

the literature (GOR 55) » (SHI 56). with several modifications it

can be carried over to a description of the atomic hydrogen maser.

We first derive the dynamical equations of the system in an integral

form particularly useful for describing transient phenomena.

Dynamical Equations

Proceeding from the Schroedinger equation

ih SY v(t)]y (6.1)
at ° .

with V(t) = cos wt

we look for the transition between the two states of

interest, Wh and ¥o> of energy and Ey, as induced by the pertur bation

V(t) which is assumed of constant frequency and variable amplitude.

The wave function at any time can be written

ik
1

 

 

(6.2)
= a, h

which when substituted above leads to the equations

‘ 12) aes «)
= ap ar)

‘ ay +)" (6.3)

ap(t) -( ih 2% fa,(t)

w, * (EB,

S9 

CHAPTER VII 

THEORY 

The t heory of the anunonia maser has been well described i n 

the literature (GOR 55) , (SHI 56) . With sever al modifications it 

can be carried over to a description of the atomic hydrogen maser . 

We first derive the dynamical equations of the syst em in an i nt egral 

form particul arly useful for descri bing transient phenomena . 

Dynamical Equations 

Proceeding from the Schroedi nger equation 

ih !! = (H
0 

+ V(t)]y (6.1) 

with V ( t) = - µ. • H ( t ) cos wt 

we look for the transition probability between the two states of 

interest, , 1 and , 2, of energy~ and E2, as i nduced by the perturbation 

V(t) which is assumed of constant frequency and variable ampl itude . 

The wave f unct ion at any time 

y(t) = 

which when subst i tuted above l eads to the equations 

• - iw t (t) e o a 2 

* 
-iw t ) (t) e o a1 

(6.2 ) 

(6. 3) 
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where V_,(t) is th
12 e matrix element of V(t) between the states 1 and 2

The perturbation can be written to good approximation as

V(t) = -5u

 

or

hb
= - Fe

where p H(t)b = v(t) = . (6.4)

Substituting into (6.2), one obtains

“ 2

ay - al 5 * iw - wi) + * 0 (6.5)

and assuming resonance, W = >» the solutions

it
3| b(t) dt]

0
a,(t) = -i (6.6)

t

a,(t) = + cos[ af

the airrerential equations (6.2) and the initialrest
geen to of particular inte:

(0) = 0,
ation in the lo

are

conditions 4

the excess popul

The quantitya,(0) =l. y= 56)
wer state, p(t

is 2

p(t) = WM fa, (2?eo ]
: (6.7)

or from (6.8) p(t) * p(0) cos} b(u)du .
0

mpiy given by

The power radiated by the peam is ai
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wher e Vl2(t) is the mat 
r ix element 

The p erturbati on can 
of V(t) between t he states 1 

b and 2. e written t 

or 

where 

o good approximati 

V(t) • - J µ H(t)eiwt 

b = 
/LOH(t) 

b(t) • 
h 

Substituting into (6 2 ) 
• , one obtains 

and assuming r e sonance , 

' . 
w = w 

o' the sol utions 

t 
~ (t) = -i sinf i J b(t) dtJ 

0 

t 

a2(t) = + cos[ ~ l b(u)du ] 

on as 

are seen to satisfy the differential equations (6.2) and the i nitial 

conditions ~ ( 0) = O, a
2

(o ) = l. The quantity of particular i nt er est 

( 6. b ) 

(6. 5) 

(6.6) 

is the exces s population in the lower state, D(t) = N
1 
(t)- N

2
( t), (BLO 56) 

or from ( 6 .6) 

D(t) = N[ fa1 (t) / 
2
_!/a2(t)/ 

2
] 

t 

D(t) = D(O) cosJ b(u)du 
0 

The power radiated by the beam is simply given by 

(6. 7) 



D(t) (6.8)

As discussed following (6.12), only that part of D(t) corresponding

to radiative transitions is to be used in the above expression. The

beam radiates with a microwave cavity, and therefore

.
Ww Ww 1 2 eff 2{ml qv] = H (6.9)

where the additional factor of 1/2 being due to the time average of He.

Substituting (6.1), we have

(4) o wh?Ge = ef: 2 ‘ ff

ae P(t) =
°

 

2 6.10
8 129 ( )

and generally 4 a = bw - (6.11)

eff

The equations of motion of the system follow easily from these

results. We assume a uniform flux into the cavity of I upper state

atoms per second. If 1/y denotes the characteristic relaxation time,

th 2.1en by (2.2) Vit

is that number of atoms which entered between time t' and +t! + dt! which

have not relaxed by time t. It is assumed that the relaxation mechanism

acta on each state equally, and carries atoms to states other than 1

and 2. Thus applying (6.7)

t

= 22) ats = [ (-tatt) cos b¢a)au -

tt

(6.12)
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• 
D(t) 

PB = hw ~ , 
(6.8) 

• As discussed fol lowing (6.12), only that part of D(t) corresponding 

t o radiative transitions is to be used in the above expression. The 

beam radiates with a microwave cavity, and therefore 

p = ww 
B Q 

w 1 J 2 = 9[ 4ti H dV] = 

wVeff 
H2 

8nQ (6.9) 

where the additional factor of 1/2 being due to the time average of H2. 

Substituting (6.L), we have 
, 2 

• wV h2 
h D(t) wVeffh 

b
2
(t) w~ = = CtD(t) eff 

8nQµ 2 8nQµ 2 
0 

0 

2 (6.10) 

and generally 
2 • 

Ln 
µOQ 

b =o.D( t) "I a. = (6.11) 
hVeff 

• 

The equations of motion of the system follow easily from these 

results. We assume a uniform flux into the cavity of I upper state 

atoms per second. 

then by (2 .1) 

If 1/y denotes the characteri stic relaxation time, 

is that number of atoms "Which entered between time t 1 and t 1 + dt1 which 

have not r elaxed by time t. I t is assumed that the relaxation mechanism 

acts on each state equally, and carries atoms to states other than 1 

and 2. Thus applying (6,7) 

dD(t) ~ ~D(t) dt1 m [ ( -Idt1 ) 
~t• 

t 
cos J b(u)du ] e-r( t -

t ' 

t ' ) 

(6.12) 
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is the contribution to the excess population in the lower state at

time t due to atoms which entered between t' and t! + att. It should

be pointed out the time time derivative of (6.12) consists of two

terms

t

Sel aD(t)} = -yaD(t) + Tatt b(t) sin J blujdu .
0

As the first term is just the diminution of the excess lower population

due to the relaxation mechanism, it does not correspond to radiation

of power by the beam. In calculating power with (6.8) and (6.10),

terms of this form are therefore to be neglected. Continuing, if

the beam is turned on at time we have by integration of (6.12)

t t

R(t) = fa - t) (6.13)

t tt
oO

as the net excess population in the lower state at time t due to all

atoms which have entered since ts the turn-on time. This result

together with (6.10) represents the solution to maser transient

problems. The general problem dees not have a solution in closed forn,

although the equations are useful for several interesting limiting

cases.

Threshold Conditions

We consider first the steady state operation of the maser

corresponding to -e, in (6.13). In the steady state we have b(t)

a constant = b, and

D(t) = att cos b(t - tte Tt - ,

62 

is the contribution t o the excess popul ation i n the lower state at 

time t due to atoms which enter ed bet ween t' and t ' + dt •. It should 

be pointed out the time time derivat ive of (6.12) consists of two 

terms 

d -[ dD(t)] • dt 

t 
-ydD(t) + Idt• b(t) sin J b(u)du 

0 

As the first term is just the diminution of the excess lower population 

due to the r elaxation mechanism~ it does not correspond t o r adi at ion 

of power by the beam. In calc~lating power with (6.8) and (6.10), 

terms of this form are therefore to be negl ected. Continuing, if 

the beam is turned on at time t, we have by integration of (6.12) 
0 

D(t) 

t 

= f dt• 
t 

0 

t 

(-I)[cosJ b(u)dule-y(t - t• ) 

t• 
(6.13) 

as the net excess population in the lower state at time t due to all 

atoms which have entered since t , the turn-on time . This r esult 
0 

together with (6.10) r epresents the solution to maser transient 

problems. The general problem does not have a solution in closed form, 

al though the equations are useful. for several interesting limiting 

cases. 

Threshold Conditions 

We consi der first the st eady state operation of the maser 

corresponding tot=-, in (6.13). In the steady state we have b(t) 
0 

a constant= b, and 

j. ) -y(t - t 1) 
D(t) = -I cit• cos b(t - t• e , 
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. t

D(t) = dt! b ain b(t - tre Vt -

=o

The time derivative has been taken as discussed in the previous section.

Integrating 2

Dt) = 1,

y +b

Substituting, (6.8)

2 2
Thw  (b/y) Ihw 9
——— - = 2. (6.1L)

ie (b/y)2 2 144

where Qc = (6.15)

but, (6.10) > 2 2

= hw = hwy’ 6

2 D(t) 2 a 70 (6.16)

Equating (6.16) and (6.14),

2 2
T= (6.17)

which relates the steady state flux to the saturation factor 6, and

the relaxation time, 1/y. The critical flux for oscillation is given

by Q-— 0, or

i = (149°) 6.18

( )

where the critical flux is simply, (6.11)

2
Vert

.Toit "a a (6.19)
°

Inserting merical values, Q = 5 x 104, Vere = 10! cm’, sec

= 2x10! geet,

>

one obtains q,rit
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• t 

D(t) "'J-r dt ' b sin b(t - t' )e-y(t - t•). 

-oo 

The time derivative has been taken as discussed in the previous section. 

Integrating • 
D(t) • 

Substituti~g, (6.8) 

2 b2 I. y ♦ 

2 
8 

2 
p = Ihw (b/y) 

B 2 1 + (b/y)2 
• Ihw 

2 1 + 92 
(6.lL) 

where 

but, (6.10) 
= 

Equating (6.16) and (6.lL), 

h 2 2 
wy 9 

2n 

(6.15) 

(6.16) 

(6.17) 

which r elates the steady state nux to the saturation factor a, and 

the relaxation time, 1/y. The critical flux for oscillation is given 

by e-. o, or 

I 2 r = ( 1 + e ) 
crit 

where t he critical nux is simply, (6.11) 

2 
I = X = 
cri t Cl 

2 
Y Veff 
------- h µ2Q 

0 

Inserting numerical values, Q c 5 x lOL, Veff = lOL 

13 -1 
one obtains I crit c 2 x 10 sec . 

(6.18) 

(6.19) 

3 -1 
cm, y = 3 sec , 
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Taking eqns 18,17, and 1h, there follows

9° =[ T - Toit
crit

]

hi
- Tag] . (6.20)

The radiated power from tha maser is typically 5 x 107

corresponding to a flux of atoms in the (1,0) state into the cavity

of approximately 3 x ol}

Maser Turn-Off Time

Assume the maser is oscillating in a steady state condition and

that at time t = 0, the beam is interrupted. ‘Then, by (6.13), we have

for time t > 0
0 t

D{t) = J -Idt! - +) cos] b(u)du

The upper limit of the t' integral is 0 since atoms enter the cavity

for t' <0 only. Taking the time derivative of this expression in the

sense discussed following (6.12), we have
0

D(t) = fats ott - 89) sinf b(u)du-

“0 tt

Then, t o
D(t) = b(u)du sin b,t!

°

t
t

sinfo(u)du cos bot!

where we have used b(t) =b, = constant, for t< 0. Integrating over

and applying (6.11), we obtain the expression for b(t), t > 0.

6L 

Taking eqns 18,17, and l u, ther e follows 

0
2 I - 1cr i t 

= [ I J 
crit 

The radiated power from the maser i s typi call y 5 x 10-12watts , 

coITesponding to a nux of atoms in the (1,0) stat e into the cavity 

• 1 3 1 013 -l of appronmat e y x sec . 

Maser Turn-Off Time 

(6. 20 ) 

Asswne the maser i s oscillating i n a st eady st ate condi tion and 

that at time t = O, the beam is interrupted. Then, by (6.13) , we have 

for time t > 0 
0 t 

( ) J -r(t - t•) { D t = -Idtt e cos 
1

b(u)du 
-co 

The upper limit of the t I int€·gral is O since atoms enter the cavity 

fort• <0 only. Taking the time derivative of this expression in the 

sense discussed following (6.12), we have 

, 
D(t) 

0 t 

J -r( t - t ') ( ) . r ( ) 
c Idt• e b t sinJ bu du· 

-co t• 

Then, • 
D(t) = 

yt j.i () t• 
-Ie- b(t)cosJ:(u)du Jctt 1ey sin b

0
t 1 

-d) 

f. 
+Ie-ytb(t)sinJb(u)du j~t•eyt' cos b

0 
t• 

0 -r/) 

where we have used b(t) = b = constant, fort< 0. Integrating over 
0 

t• and applying (6.11), we obtain the expression for b(t), t > O. 



t t

-yt or Ty “top
b(t) = aye o(u)d Ty: (u)dv.@ ‘cos (ujdu + blu)du

0

foll .Substituting as follows
x(t) = blujdn , a(t) = bft)

0

we find .

A(t) = [ bcos A(t) + ¥ sin x(t) ] (6.20)

where we have made use of (6.15) and (6.16). Furthermore, by

defining the angle 8 such that sin? = voor » cop = vf

we obtain

Mt) © sinf B+ 2x(t) J ent

The equation is separable

dy = dt oT

sin(a+p)

and integrating,

log = log + beae? (l- ety

which satisfies the initial condition = 0. Rewriting as

TAA,
log tan{ Bee arg ] = u(t)

we identify gd u = + + 1/2, where we have the relation

d gdu = sechu

du

o

x(t) = b(t) = et sech[u(t)]

which is seen to satisfy the initial condition b(0) = by» making use

of the identity sech log = sin B. Furthermore, sinh log

cot B, and cosh log tang/2 = csc B, with the simplification

t t 
b( t ) :a 

? 2 
V +b 
' 0 

- y t j' e cos b(u )ctu + 

0 

Iy1 - -rt 1· e sin b(u)du. 
2.._b2 

y O 0 

Substi tu'Li ng as f ollows 
t 

), ( t) -= J b(u)du , 
• 

0 

wo find .. 
(G.?l 

wher e wo ha·,e made use of ( 6.15) and (6.18 ). Furthermore , by 

defini ng the angl e ~ such t hat s in ~ = b ;r;J':l , coa p, • y/ ~ 2-•-,/ o f Oo+y- O 

we obtain 

The equation is separable 

d ).. dt e-yt✓b~+·/ = 
sin()..+)3 ) 

and i ntegrating, 

which sat isfies the iru.tial condition )..(0) = 0 . Rewri t ing as 

[ rr )..Brr ] ( ) log tan Ti+ 2 + '2 - u "' u t 

we identify gd u = ), + B + rr/ 2, wher e we have the r elat i on 

d au gd u = sech u 

or 
)-.(t) • b(t) =W e-yt aech[u(t)] 

whi ch is seen to satisfy the initial condition b(O) ab, making use 
0 

of the i dentity sech log tanj,/2 = sin ~- Furthermore , si nh log tan~/2= 

cot ~, and cosh l og ta~ /2 = csc ~' rlith t he simplifi cation 
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p(t) = ae
“+b { Zp

cos 8 sinh[

Substituting into (6.16), we obtain for the power radiated by the

beam after turn-off

-2yt

> hw? Poe

ts eam er ety 2
cosh[ )]+ cos sinh )]

Pulsed Stimulated Emission

(6.22)

If the threshold requirements for oscillation are not met,

a pulse technique can be used to excite the hydrogen to states from

which it emits coherent radiation. The pulse places atoms into a

superposition of the (1,0) and (0,0) states , in which the magnetic

dipole moment has oscillatory components at right angles to the static

field. The atoms can be described by a net magnetization vector which

can be treated classically in determining their radiation rate (pic 5h).

The subsequent decay of radiation after the perturbing pulse gives

a measure of the lifetime or relaxation time within the bulb.

The method introduced in the first part of this chapter

may be applied to the calculation of the response of the maser to

pulsed rf. The contribution to the excess lower popuiation after

the pulse can be found in this case by summing three terms) the first

ig that contribution from atoms entering the bulb before the pulse,

the second term is that due to atoms entering during the pulse,

and

b(t) = 
b e 

0 

Substituting into (6.16), we obtain for the power radiated by the 

beam after turn-off 

2 
P 

hw't-
BI: ~"" 

Pulsed Stimulat ed Emission 

I f t.~e t hreshold requirements for oscill ation are not met, 

( 6 .22) 

a pulse technique can be used to excite the hydrogen to states from 

which it emits coherent radiation. The pulse places atoms into a 

superposition of the (l,O) and (O,O) states, in which the magnetic 

dipole moment has oscillatory components at right angles to the stati c 

fiel d. The atoms can be described by a net magnetization vector which 

can be treated classi cally in determining their radiation rate (DIC 5h). 

The subsequent decay of radiation after the perturbing pulse gives 

a measure of the lifetime or relaxation time within the bulb. 

The method introduced in the first part of this chapter 

may be appli ed to the calculation of the r esponse of the maser to 

pulsed r f . The contribution to the excess lower popul ation after 

the pulse can be found in thi s case by surnrrdng three terms~ t he f i r st 

is that contribution from atoms entering the bulb before the pulse , 

the second term is that due to atoms entering during the pulse, 

and 
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lastly the contribution to D(t) of those atoms entering after the

pulse.

Whereas these equations can readily be obtained by inspection,

the general solution does not exist in elementary form. A simple

case of interest that can be solved exactly is that in which the

contributions to D(t) are negligible for atoms entering during and

after the pulse. In this case, from (6.13), the excess lower population

is just

+

Dt) = - .2 oY coal 6+ i) b(widu |
Y

0

where
6 =

as determined by the pulse is normally chosen as 7/2. Differentiating

as discussed previously, one obtains

TI v
D(t) = = { b(u)du

J

0

t
and from (6.11), uly _ .

b(t) = = e b(u)du . (6.23)

0

This equation has the solutiou

al at
~

b(t) = = ett sech[{ exp(- = ;
x

which is exact, although an interesting solution can be obtained from

the small angle approximation of (6.23), in which case the cosine

term is unity. Therefore, one obtains directly

at
oly

=—— 6 .b(t) x
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pulse. 

Whereas these equations can r eadily be obtained by inDpection, 

the general solution does not exi st in elementary form. A simple 

case of interest that can be solved exactly is that in which the 

contributions to D(t) are negligible for atoms enteri ng during and 

after the pulse . In this case, f rom (6.1 3), the excess lower population 

is just 

D(t) 

where 

Io -yt J t ~ = - Ye cos[ A+ b(u,du ] 

0 = b ,.1: r r 

0 

as determined by the pulse is normally chosen as r / 2. Differentiating 

as discussed previously, one obtains 

and from (6.11), 

I ·11 

D(t) = Yo e-ytb(t)cos J b(u)du 

b(t) 

0 

t 

= u.-~-0 e-yt cosJ b(u)du 

0 

This equation has the solutio.1 

,.., r t a I t 
b(t) = 0 e-y sech[ exp(- 7 e-y )] , 

.,,. y 

(6.23) 

which is exact, although an interesting solution can be obtained from 

the small angle approximation of (6.23), i n which case the cosi ne 

term is unity. Therefore, one obtains directly 

n I O - yt 
=-0 . 

y b(t) 
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Substituting this solution into (6.10) and (6.11), one obtains for

the power radiated by the beam after the pulse as

242

P= - wot 8
Bo a

Y Vorr

Pp, = P ext
B init °

Inserting the numerical values I, = 3x sect, Q=5x 104,

Vere” 10! cm, and + = 3 we find the initial rate of

stimulated radiation at Ps ait =3x 107 watt. The small angle

approximation is valid here since the critical flux for these

conditions is 2 x r0'3 seo". If the beam flux is sufficiently

low that the approximation holds, then the relaxation time can be

measured as twice the characteristic decay time of this radiated

power.

Line Shape

The derivation of the dynamical equations (6.11) and (6.13)

followed from the solution of Schroedinger's equation for a perturbation

at the resonance frequency with variable amplitude. Alternately, V(t)

can be assumed to be of constant amplitude and variable frequency.

Such an approach leads to information on line widths and power

broadening (SHI 56). The discussion of equations 1-3 is carried

over directly for this case. In analogy to (6.4), we have

v(t) =

iwt
Vy oft) - 3hbe
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Substituting this solution into (6.10) and (6.11), one obtains for 

the power radiated by the beam after 

p • 
B -

the pulse as 

wµ2J2Q 
0 0 

p . p e-2yt 
B init 

e - 2yt 

Inserting the numerical values I • 3 x 1012 sec-1, Q a 5 x 10L, 
0 

V a 104 cm3, and y • 3 sec-1, we find the initial rate of eff 

stimulated radiation at Pinit = 3 x 10-¾att. The small angle 

approximation is valid here since the critical nux for these 

conditions is 2 x 1013 sec-1. If the beam flux is sufficiently 

low that the approximation holds, then the r elaxation time can be 

measured as twice the characteristic decay time of this radiated 

power . 

Line Shape 

The derivation of the dynamical equations (6.11) and (6.13) 

followed from the solution of Schroedinger's equation for a perturbation 

at the resonance frequency with variable amplitude. Alternately, V(t) 

can be assumed to be of constant amplitude and variable frequency. 

Such an approach leads to information on line widths and power 

broadening (SHI 56). The discussion of equations 1-3 is carried 

over directly for this case. In analogy to (6.L), we have 

V(t) = -
iwt µ•He 

2 

V (t) 1 hb iwt 
12 = - ~ e 



 

 

69

where b is now a constant. The well know solution from perturbation

theory follows

a,(t) - a(t - (6.2h)

= - - x sin a(t - t,)/2 +icosgalt -

L

where ae [ w-w)? 12

and d =

The quantity 2 4s the probability of finding an atom in theay
lower state at time t. The power radiated by the stored beam is then

given by t

“y(t - t") 2
Phos bu] Tats 8 axl fa, (x} 7} ttt

or t ' 2

bw] Tate ort - de sin a(t - +")

ee
2 1 Thw

P, = hwIb Se (6.25)
B

where 2,2
eo» [w-

and 9” has been defined in (6.15). The line shape has a Lorentzian

form, characteristic of an exponential time distribution. At resonance

the distribution (6.25) reduces to (6.1L) previously derived, so that

this calculation is consistent with eqns 17-20. The line width at

half power points can be found from the above expression

(w-w Vy = | 1 + (b/y)?

-
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where bis now a constant. The well known solution from perturbation 

theory follows 

where 

and 

a a 
2 2 l [ (w - w) + b ] ~ 

0 

b = µ H/h. 
0 

(6.2L ) 

The quantity,~(t)/
2 

i s the probability of finding an atom in the 

lower state at time t. The power radiated by the stored beam is then 

given by 

PB = 

or 

PB = 

where 

t 

hwf I dt' • -y(t - t • ) Jrr"i (x12] I x=t- t • 
--
t 

hwJ I dt 1 e 
-CD 

-y( t - t f) 

= 

b2 
2a sin a(t 

Ihw 
2 2 2 

1+6 +9 

2 2 2 
6 = [w - w] /y 

0 

- t • ) 

2 
and 8 has been defined i n (6.15) . The line shape has a Lor entzian 

(6.25) 

form, characteristic of an exponential t ime distribution. At r esonance 

the distribution (6.25) r educes to (6.lL) previously derived, so that 

this calculation is consist ent with eqns 17-20. The line width at 

half power point s can be found from the above expr ession 
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or = a + a?

where it is seen that power broadening is appreciable for 9 > 1.

Inserting numerical values 9° = 1, and y = 3 sec”)
» as in previous

examples, one obtains = /2 cps.

Maser Power Spectrum

The resonance line-width calculated above represents the

response of the system to an external perturbation. When oscillating,

the transitions are self-stimulated, and the spectral line-width of

the oscillation, ov is considerably smaller. In the absence of

external perturbations, the maser has a stability limited only by

random noise in the cavity. An estimate of the power spectrum is

obtained by the following argument. We approximate the center of

the Lorentzian curve (6.25), by a parabola.

v v

 = P,f1-2 a

If ova denotes the oscillating bandwidth, the beam is influenced by
noise power in the bandwidth,of kTav The center frequency of

oscillation is uncertain to such extent that

Vin
- ) =

or = 2kt 2

an

A rigorous calculation has the result (GOR 55)

2

= (av, )
Inserting the numerical values previously obtained, avy =(2 eps,

1 -17by

one finds = 10 . This represents the

n

Pos
B 10
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or 

where i t is seen that power br oadening is appreciable for e > 1. 

Insert ing numerical values e 2 = 1, and y = 3 sec-1, as in previous 

exampl es, one obtains 2uv
1 

= .f2. cps. 

Maser Power Spectrum 

The resonance line-width calculat ed above r epr esents the 

r esponse of the system to an ext ernal perturbation. When oscillat ing, 

the transi tions are self-stimulated, and the spectr al line-width of 

the oscillation, uv , is considerably smaller. In t he absence of 
m 

external perturbations, the maser has a stability limited only by 

random noise in the cavity. An estimate of the power spectrum is 

obtained by the following argument. We approximate the center of 

the Lorentzian curve ( 6. 25), by a parabola. 

PB(v) = po 
(

V v0 ) 

2 

[ 1 - 2 ~vL J . 

If ov denotes the oscillating bandwidth, the beam is influenced by 
m 

noise power in the bandwidth,of kT0vm. The center frequency of 

oscillation is uncertain to such extent that 

= kTuv 

or 
D.v 

m 

A rigorous calculation has the r esult (GOR 55) 

uv 
m 

_ 8nkT (u )2 - -p- VL 
0 

m 

I nserting the numerical val ues previously obtained, 0 v
1 

={2 cps, 

2 DV 17 
PB= 10-1 watt, one finds vm = 10- . This r epresents the 

m 
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inherent width of the power spectrum at any time. The stability of

the maser over a period long compared with 1/y seconds will be discussed

later in this chapter. However, the inherent stability may not be

realized due to a number of systematic effects which shift the

frequency. The remainder of this chapter is given to a discussion

of the magnitudes of these various effects.

Frequency Deviations in the Maser

Shimoda, Wang and Townes (SHI 56) have analyzed in detail the

frequency shifts in the ammonia maser due to a variety of perturbing

influences. Some of these effects are also important in the hydrogen

maser. With some modification, their results can be applied to these

cases.

Wall Collision Effects

As discussed at length in Chapter II, the interaction between

an atom and a surface can best be described in terms of a number, 6,

the mean phase shift per collision. The shift in the resonance

frequency of the line is related to the mean phase shift per collision

6, as

af =
where of is the frequency shift and t, is the mean wall collision

time. ‘A lower limit on 6 can be inferred from the optical pumping

results on pressure shifts in buffer gasses for atomic hydrogen

(AND 60). We assume that the interaction between atomic hydrogen

and the surface can never be less than that characterizing atomic

hydrogen-molecular hydrogen gas collisions. The pressure shift for

atomic hydrogen in a molecular hydrogen buffer gas is -0.2) cps/mm Hg.

If this is equated in turn to where t, is here the mean
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frequency of the line is related to the mean phase shift per collision 

6, as 
uf = 6/2rrt 

0 

wher e uf is the frequency shift and t is the mean wall collision 
0 

time . A lower limit on 6 can be inferred from the optical pumping 

reSlllts on pressure shifts in buffer gasses for atomic hydrogen 

(AND 60) . We assume that the interaction between atomic hydrogen 

and the surface can never be_ less than that characterizing atomic 

hydrogen-molecular hydrogen gas collisions. The pressure shift for 

atomic hydrogen in a molecular hydrogen buffer gas is - 0. 24 cps/mm Hg. 

If this is equated in turn t o 6/2rrt, where t is her e t he mean 
0 0 
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collision time in the gas, one obtains 5=6 x 107? radians per

collision. In the present wrk, the typical mean wall collision

time for atomic hydrogen is about 3 x 107? sec. This places a

lower limit on the frequency shift in these experiments at about

2x 10 ops, or a shift of about one part in 103, wo expect to

observe larger shifts than parts in however, and these figures

are not particularly meaningful. The question of the constancy and

reproducibility of the phase shift on the surface is one that must

be answered experimentally.

Cavity Pulling

In the oscillating maser, the atomic hydrogen within the

storage box has an induced oscillating magnetization which can be

calculated assuming the given cavity field. The field generated by

the magnetization can then be made consistmt with the assumed field.

In the case of no noise, they are simply equated. The following

treatment parallels that of Shimoda et al (SHI 56).

The magnetic moment of an atom is

% iw t % -iw t

-f Hop y dt Hoy O° + 0

where the amplitudes ay and ay satisfying the appropriate boundary

conditions are given by Substituting, we obtain

u(t) = new a 3 sin at + Asin? zat) + c.c.

or u(t) = ul + if

If the flux into the storage box is I, atoms per second, the net
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collision t ime in the gas , one obtains 5= 6 x 10-9 radians per 

collision. In the present mrk, the typical mean wall collision 

time for atomic hydrogen is about 3 x 10-5 sec . This places a 

lower limi t on the frequency shift i n these experiments at about 

2 x 10-
4
cps, or a shift of about one part in 1013. We expect to 

observe larger shifts than parts in 1012, however, and these figures 

are not particularly meaningful. The question of the constancy and 

reproducibility of the phase shift on the surface is one that rrmst 

be answered experimentally. 

Cavity Pulling 

In the oscillating maser, the atomic hydrogen within the 

storage box has an induced oscillating magnetization which can be 

calculated assuming the given cavity field. The field generated by 

the magnetization can then be made consistent with the assumed field. 

In the case of no noise, they are simply equated. The following 

treatment parallels that of Shimada et al (SHI 56). 

The magnetic moment of an atom is 

µ C J 'f* µ 'f d-iop 

wher e the amplitudes~ and a2 satisfying the appropriate boundary 

di t • • by (6 21.) Substituting, we obtain con ions are given . 4 • 

i'wt x[ i . t ). . 2 1 tJ p, ( t) :::: µ O e a ~ Sl.n a + as1n '2a + C. C, 

or 1 iwt -t * -iwt 
11. ( t) = µ e + µJ e 

If the nux i nto the storage box is I
0 

a toms per second, the net 
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magnetization is given by

1
Mos Tea V(tat

eff { °

where Vier if the volume of the storage bulb, and 1/y is the relax-

ation time. The magnetization can be considered a small perturbation

to the normal mode of the cavity, and the cavity frequency can be

calculated from the result of Slater (SLA 16),

 

1 fit (6.26)
- af Se 2

To We % fataPay

which connects the magnetic field with the magnetization. Q. and Wy

are here the Q and resonant frequency of the cavity in the absence of

the magnetization. For stationary states of oscillation, there should

be no damping, and a @. The integrals on the right may be written

jut oat av
ar EN 

ja text ay

where K is a number depending on the cavity mode distribution. Eqn (6,26)

can now be solved for the field in terms of the magnetization M to

give _
H = tk

z ~ T W-Wo

Wo ]
 

Near resonance this can be written

W-We
] H, =

73 

magnetization i s given by 

Cl0 

l1 

where Veff if the volume of the storage bulb, and 1/y is the r elax

ation time. The magnetization can be considered a small perturbation 

to the normal mode of the cavity, and the cavity frequency can be 

calculated from the result of Slater (SLA 46) , 

2 . W-Wc 
- J. --

We 
- l.mi 

JMt •Ht*cIV 

JHt•H T*ctv 

(6.26) 

which connects the magnetic field with the magnetization. Qc and wc 

are here the Q and r esonant frequency of the cavity in the absence of 

the magnetization. For stationary states of oscillation, there should 

be no damping, and ~ __,. -co. The integrals on the right may be written 

-= l K M-r 
-it; 

where Kia a number depending on the cavity mode distribution. Eqn (6.26) 

can now be aolved for the field H i n t erms of the magnetization M to 
z 

give -urriMtK 

Near resonance this can be writt en 

- w-wc 
H = -1..miKQ Mt(l-2iQc -w ] 

z C C 
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Using the amplitudes (6.24), we now compute the magnetization ut

— x

 

uf = ett i at + Asin’
Vere 4

Integrating

z= IMotor x yp a . ha
Yorr * aty?

Substituting this result into the expression for H,» one obtains

Voto
Hy . c c

We eff  

1 Xx

= IE a3

The resonance frequency with the magnetization present within the

cavity may be found by equating the imaginary part of to zero.

 

One obtains wew

~2Q
cow, 7

xor wow, 7)

or %

ww, = a .

It is seen that the frequency of the hydrogen line is altered or

pulled, if Wo ig not equal to . Assuming a cavity Q of 1.5 x 10!

and a line Q “of 1.5x 10’, we see that the cavity must remain

taned to within 10 cps of the hydrogen line in order not to shift

the maser signal by more than one part in 1013, If the storage time

is longer, the tuning requirements are correspondingly reduced.

7L 

-Using the amplitudes (6.2L), we now compute the magnet ization Mt 

Integrating 

• 
1-L I X J = 0 0 
av eff 0 

-yt i A 2 1 e [ -si n at+ - sin -atJdt 
2 a 2 

I.L I 
Mt = --LQ[ x ] [ ~ 

veff a 
a 

2 2 a +y 

A.a 
+ 

2y(a2+y2) 
J 

Substituting this result into the expression for H, one obt ains 
z 

w-w µOIO 1 
.. 2uKQ [ l-2iQ --...£] [ x ] [ -- ] [ 1-01 

C C WC Veff a y2+a2 "r 
H z 

The resonance frequency with the magnetization present within the 

cavity may be found by equating the imaginary part of H to zero. 
z 

One obtains 

or 

or 

w-w 
C 

-2Q -
C W 

C 

A. = 0 
y 

w-w 
0 

• -(w-w )Q [ 2YJ 
C C W 

C 

It is seen that the frequency of the hydrogen line is altered or 

pulled, if w is not equal tow. Assuming a cavity Q of 1.5 x 104 
C 0 

and a line Q of 1.5 x 109, we see that the cavity must remain 

tuned to within 10 cps of the hydrogen line in order not to shift 

13 the maser signal by more than one part in 10 . If the storage time 

is longer, the tuning requirements are correspondingly reduced. 
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Second Order Zeeman Effect

The quadratic field dependence of the hyperfine transition

frequency in atomic hydrogen is cps, where the static field is

given in gauss. The shift in resonance frequency due to a small

change in the static field, uH, is 5500 HoH cps. If the shift is

to be less than one part in 1013

be less than 2 x 1078, In a static field of one milligauss, for

» or about 107! cps, then HoH must

example, any time fluctuation in field mst be less than 20 micro-

gauss, or about 2 per cent of the static field. As the static

field is reduced, however, the field regulation requirements

rapidly diminish.

If there are any static field inhomogeneities over the region

of the storage bulb, the motion of the atoms through these static

fields gives rise to Fourier components of the field which may lie

near the Zeeman frequency corresponding to the + 1 transitions.

These transitions reduce the relaxation timewithin the bulb, and

can quench the maser oscillation. If the static inhomogeneities are

caused by the Helmholz coils themselves, then reduction of the static

field also reduces the inhomogeneities, and hence the amplitude of

the Fourier component at any frequency.

Doppler Shift

Atoms which leave the storage bulb through the aperture

before they relax have no net translational velocity within the bulb

and do ndbexperience a first order Doppler shift. However, if the

wall relaxation time is less than the mean geometrical escape time,
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The quadratic f ield dependence of the hyperfine transition 
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If there are any static field inhomogeneities over the region 

of the storage bulb, the motion of ihe atoms through these static 

fields gives rise to Fourier components of the field which may lie 

near the Zeeman frequency corresponding to the o"F= ~ 1 transitions. 

These transitions reduce the relaxation time within the bulb, and 

can quench the maser oscillation. If the static inhomogeneitie s are 

caused by the Helmholz coils themselves, then reduction of the static 

field also r educes the inhomogeneities, and hence the amplitude of 

the Fourier component at any frequency. 

Doppler Shift 

Atoms which l eave the storage bulb through the aperture 

before they rel.ax have no net translational velocity within the bulb 

and do nc5texperience a first order Doppler shift. However, if the 

wall relaxation time is l ess than the mean geometrical escape time, 



 

76

the atoms will have a net translational velocity given roughly by

the bulb diameter divided by the relaxation time, about 10 cm/sec.

If there are running waves in the cavity, this will result in a small

first-order Doppler shift. The magnitude of the shift can be

estimated from the result of Shimoda et al (SHI 56)

nL
a

=>
8 ¥

4

where L is the cavity length, V the average translational velocity,

and Q a the Q of the coupling loop. It is assumed that all the power

is coupled from one end of the cavity. Inserting the numerical

values, Q, = 3x 10°, L = 25 cm, and ¥V = 10 cm/sec, we find that

v-¥ 107? cps, or one part in roth This can be considerably

reduced by coupling power out of the cavity symmetrically.

The second order Doppler shift is dependent on the mean

squared velocity within the bulb, and is given by

o 8 [21°

where we have used a mean squared velocity of 9 x rot? for

the hydrogen. The shift is proportional to the absolute temperature,

and thus the fractional shift is

ve-yv
o . -13

=
 

so that if the temperature of the bulb is held to 0.3°C, the maser

frequency will not shift by more than one part in 1013 .
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first-order Doppler shift. The magnitude of the shift can be 

estimated from the result of Shimada et al (SHI 56) 

w - w 
0 

where Lis the cavity length, v the average translational velocity, 

and Qd the Q of the coupling loop. It is assumed that all the power 

is coupled from one end of the cavity. Inserting the numerical 

values, Qd = 3 x 105, L = 25 cm, and v = 10 cm/sec, we find that 

0-5 lh v - v = 1 cps, or one part in 10 . This can be considerably 
0 

reduced by coupling power out of the cavity symmetrically. 

The second order Doppler shift is dependent on the mean 

squared velocity within the bulb, and is given by 

V - V 
0 = 

V 

where we have used a mean squared velocity of 9 x 10
10 

(cm/secl for 

the hydrogen. The shift is proportional to the absolute t emperature, 

and thus the fractional temperatlr e shift is 

V - V 
0 

vT 

so that if the t emperature of the bulb is held to 0.3°C, the maser 

frequency will not shift by more than one part in 1013. 
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Anomalous Dispersion Due to Neighboring States

Along with the desired state, the (1,1) state of hydrogen is

also focussed into the storage bulb. The presence of the latter

state can change the magnetic permeability within the bulb, which

in turn changes the resonant frequency of the cavity, providing the

| rf field has a component perpendicular to the static field. In the

usual case, the rf and static fields are made parallel. The change

} in permeability at the hyparfine frequency v, due to the presence of

the (1,1) state is given by (SHI 56)

2

ay = 2mm.

Sh(v-v!)

where v! is the frequency of the transition, and n

is the density of atoms in the (1,1) state. Ina static field of

 
0.1 gauss, the resonance term in the denominator corresponds to the

(1,0)—»(1,1) Zeeman frequency of about 1.) x 10° cps. Assuming a

oh? and a storage time of one

second, we obtain from the above expression 4p = 6 x 19719,

flux of the (1,1) state of 1

Fron

the relation

  
  
  

  
wv ,

v 2uy

we find dv/v = 3x as the fractional shift in the resonant

frequency of the cavity. From an earlier result, the maser frequency

ds in turn pulled by an amount

4 Q

c

™ 5 cavity

lt
+ is, &naser = 10°" cps.
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Anomalous Dispersion Due t o Neighboring Stat es 

Along with the desired state, the (1,1) stat e of hydrogen is 

also focussed into the storage bulb. The presence of t he l atter 

state can change the magnetic permeability within the bulb, whi ch 

in turn changes the resonant frequency of the cavity, providing the 

rf field has a component perpendicular to the static field. In the 

usual case, the rf and static fields are made parallel. The change 

in permeability at the hypei:-fine frequency v, due to the presence of 

the (1,1) state is given by (SHI S6) 

2 
uµ = 2tmp,

0 

3h(v-v•) 

where v' is the frequency of the (11 1)...,. (0,0) transition, and n 
. 

is the density of atoms in the (1,1) state. In a static field of 

0.1 gauss, the resonance term in the denominator corresponds to the 

(l, 0)~(1,1) Zeeman frequency of about l.u x 105 cps. Assuming a 

( ) 012 -1 d flux of the 1,1 state of 1 sec , an a storage time of one 

second, we obtain from the above expression uµ = 6 x 10-10. From 

the relation 
dv _ 1 dµ v - "2 µ ' 

we find dv/v = 3 x 10-lO as the fractional shift in the resonant 

frequency of the cavity. From an earlier result, the maser frequency 

is in turn pulled by an amount 
QC 

5v maser = Bv cavity ~ 

That is, &v maser 
- Li = 10 cps. 
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This does not affect the frequency of the maser oscillation by more

than a part in 1013, A static field of 0.1 gauss which is perpendicular

to the rf field has been assumed in this calculation, however, and the

effect varies inversely proportionally to this field. ‘The effect also

vanishes when the rf and static fields are parallel. In both cases,

the effect vanishes if an equal density of (1,1) and (1,-1) states

are present in the bulb.

Random Noise in the Maser Oscillator

The stability of the maser is limited by two types of random

variations: those due to thermal noise fluctuations in the cavity, and

those due to fluctuations in the mean number of radiating atoms within

the bulb. The latter effect, analagous to shot noise, will subsequently

be shown to be hv/kT smaller than the effect of the thermal fluctuations

and can thus be neglected.

We have previously derived the power spectrum of the maser

oscillator as limited by thermal noise within the cavity. This is

now related to the observable frequency stability in the absence of

systematic shifts, as might be observed in the comparison of two ideal

maser oscillators.

Due to the presence of noise in the cavity, there will be an

error in the measured phase of the rf field, given by the ratio of

the noise amplitude to the signal amplitude. If we denote the phase

error by 0, then 9= , and
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This does not affect the frequency of the maser oscillation by more 

13 
than a part in 10 . A static field of 0.1 gauss which is perpendicular 

to the rf field has been assumed in this calculation, however, and the 

effect varies inversely proportionally to this field. The effect also 

vanishes when the rf and static fi elds are parallel. In both cases, 

the effect vanishes if an equal density of (1,1) and (1,-1) states 

are present in the bulb. 

Random Noise in the Maser Oscillator 

The stability of the maser is limited by t wo types of random 

variations: those due to thermal noise fluctuations in the cavity, and 

those due to fluctuations in the mean number of radiating atoms within 

the bulb. The latter effect, analagous to shot noise1 will subsequently 

be shown t o be hv/kT smaller than the effect of the thermal fluctuations 

and can thus be neglected. 

We have previously derived the power spectrum of the maser 

oscillator as limited by thermal noise within the cavity. This is 

now related to the observable frequency stability in the absence of 

systematic shifts, as might be observed in the comparison of two ideal 

maser oscillators. 

Due to the presence of noi se in the cavity, there will be an 

error in the measured phase of the rf field, given by the ratio of 

the noise amplitude to the signal ampl itude . If we denote the phase 

error by a, then a= H /H , and n s 

= 
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since only one mode is excited, andPe Tad is the average signal

energy in the cavity. The phase error is random, but cannot change

faster than the correlation time of the oscillator, toorr * s

where is the width of the hyperfine line. Therefore, after a

time tops? there will be an rms deviation in phase given by

ee
sobs tops 3 MT

rad

Tne rms deviation in frequency is

1 hl
of = = =

: obs obs “corr “B‘rad

In the usual case, +14 7 toorr 7 . Substituting vy = 1 cps,

= 1 second, and PB =Sx10rhe watts, one obtains

Sf
f

as the relative stability neglecting systematic frequency shifts.

The effect of variation in the number of radiating atoms in

the storage bulb can be treated in a similar manner. In the time

interval t+, ijt atoms enter the bulb, with a fluctuation of

in this time. The corresponding power fluctuation in this interval

= bwfI,/x, and since dP/P = dH/2H, we find

ol { 1
=

H

as the fractional change in the signal amplitude due to random beam
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since only one mode is excited, and PB.'trad is the aver age si gnal 

energy in the cavity. The phase error is random, but cannot change 

faster than the correlation time of the oscillator, t corr = l/wv
1

, 

where uv1 is the width of the hyperfine line . Ther efor e, after a 

time tobs' there will be an rms deviati on in phase given by 

8 
• /tobs 

~tcorr 

Therms deviation in frequency is 

1:_ kT 
2 
PB,'trad 

1 kT 
'2 

In the usu.al case, 't d = t = 1/~v1 . Substituting uv
1 

a 1 cps, ra corr 

t = 1 second, and PB= S x 10-12 watts, one obtains obs 

/jf .. 
-
f 

as the r elative stability neglecting systematic frequency shifts. 

The ef fec t of variation in the number of radiating atoms in 

the storage bulb can be treated in a similar manner. In the time 

interval -r, I
0
-r atoms enter the bulb, with a fluctuation of ,.Jr

0
-r 

in this t ime. The corresponding power fluctuation in this interval 

rrwJ I
0
/-r, and since dP/P = 

dH 
H 

dH/2H, we find 

as the fractional change in the signal amplitude due to random beam 



80

fluctuations. This shot noise also gives rise to random phase variations

of this magnitude, such that after time tobe? the rms phase deviation

will be given by

 

 

a@ wf Obs 71 1

toorr 2 Tt

°F opel 1 hw

2 tobs PB

Comparing this quantity with the analagous expression for thermal

noise, we see
of hot ~ iw

*F thermal Er

which has the value 2.5 x at room temperature. Therefore, shot

noise can be neglected in considerations of maser stability.
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fluctuations. This shot noise also gives rise to random phase variations 

of this magnitude, such that after time t , therms phase deviation 
obs 

will be given by 

or 

-l8 ~~ ~er ~2 I~ 

of = ~J-,--_l __ 
2 tcorr tobs 

Comparing this quantity with the analagous expression for thermal 

noise, we see 
,:,fshot 
Zlf thermal 

hw 
l?I' 

1 2. ~ X 10-4 at t t 'Which has the va ue ✓ room empera ure. Therefore, shot 

noise can be neglected in considerations of maser stability. 



CHAPTER VIII.

RESULTS

Hydrogen Hyperfine Structure Separation.

Figure 2 of the previous chapter is a block diagram of

the microwave receiver used in conjunction with the hyperfine frequency

measurements. As discussed in a previous chapter the short term

stability of an Atomichron is probably an order of magnitude worse

than its long term stability of one part in 10l0, Neglecting the

frequency standard for the moment, there are still a number of

corrections to be made to the counted frequency before an accurate

value of the zero-field hyperfine structure separation can be

extracted. These corrections are due to the following influences:

cavity pulling, correction to the 100 kc/sec counter time base,

quadratic magnetic field shift, and wall collision effects.

4s shown in Chapter VIL, the cavity pulling of the maser

frequency can be written

ine

& = &

Vmaser cavity *

Since 1.5x 10? and = 5x 108, we have

= iv x 1

ec” 30,000:

Measuring the cavity resonance frequency to 300 cps will introduce an

error into the measurement of only .01 cps.
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CHAPrER VIII. 

RESULTS 

Hydrogen Hyperfine Structure Separation. 

Figure 24 of the previous chapter is a block diagram of 

the microwave receiver used in conjunction with the hyperfine frequency 

measurements. As discussed in a previous chapter the short term 

stability of an Atomichron is probably an order of magnitude worse 

than its long term stability of one part in 1010. Neglecting the 

frequency standard for the moment, there are still a number of 

corrections to be made to the counted frequency before an accurate 

value of the zero-field hyperfine structure separation can be 

extracted. These corrections are aue to the following influences: 

cavity pulling, correction to the 100 kc/sec counter time base, 

quadratic magnetic field shift, and wall collision effects. 

As shown in Chapter VIT,the cavity pulling of the maser 

frequency can be written 

6v Qcavity 
6vmaser a cavity x tliine 

Si o_ 1 ~ 109 nd Q - ~ x 104, we have nee "'1.ine = . "J x a cavity - "J 

1 
30,000 • 

Measuring the cavity r esonance f r equency to 300 cps will introduce an 

error into the measurement of only • 01 cps• 
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The short term stability of the 100 ke/sec counter time
at

As this signal enters into thepase crystal exceeds 2 % 10

determination by only a factor of it introduces a negligible error

to the precision of this measurement. The absolute frequency of the

crystal is counted in terms of the Atomichron by counting the

5 mc/sec standard signal of the latter.

The quadratic field shift is given by the Breit Rabi

formula as cps where He is the average value over the region of

the bulb. As discussed in Chapter VIL, the low field Zeeman transitions

(1,0)(1,1) and (1,0)}-(1,-1) can be induced simultaneously with

the maser oscillation. These transitions reduce the effective lifetime

of the (1,0) state and, depending on the number of atoms undergoing

the transition, can either reduce the amplitude of maser oscillation

or completely quench the maser. The Zeeman power is radiated through

the thin silver coating of the quartz cavity by a coil driven from a

HP 6064 oscillator. To avoid power broadening, the power level at

resonance is reduced to a level only sufficient to halve the normal

maser power level. The minimum Zeeman line width observed is about

1.5 kc/sec which can be attributed to field inhomogeneities over the

region of the bulb. The Zeeman frequency is related to the field by

vy = (gauss)

14x 10°
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The short term stabilit7 of the 100 kc/sec counter t i me 
. r 

base crystal exceeds 2 ~ 10-8. .As this signal enters i nto the 
' ' 

determination by only a factor of 4, i t introduces a negligible error 

to the precision of this measurement. Th~ absolute frequency of the 

crystal is counted in terms of the Atom1chron by counting the 

5 me/sec standard signal of the latter. 

The quadratic field shift is given by the Breit Rabi 

formula as 275cm2 cps where H~ is the average value over the r egion of 

the bulb. As discussed in Chapter VIr, the low field Zeeman transitions 

(1,0).._(1,1) and (l, O~(l,-1) can be induced simultaneously with 

the maser oscillation. These transitions.reduce the effective lifetime 

of the {1,0) state and, depending on the number of atoms undergoing 

the transition, can either reduce the amplitude of maser oscillation 

or completely quench the maser. The Zeeman power is radiated through 

the thin silver coating of the quartz cavity by a coil driven from a 

HP 606A oscillator. To avoid power broadening, the power level at 

resonance is reduced to a level only sufficient to halve the normal 

maser power level. The minimum Zeeman line width observed is about 

1, 5 kc/sec which can be attributed to field inhomogeneities over the 

region of t he bulb. The Zeeman frequency is related to the field by 

vz a R(gauss) 

l. 4 X 106 
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the error in the quadratic field shift is given by

avH*) = 5500 H aH cps = 5500 H tH,
x 10

gince the static field in the laboratory after compensation is about

§0 milligauss, an error in Zeeman frequency of 100 cpa introduces an

error of only .03 cps. Although the Zeeman transition measures a

value of there is negligible error in assuming He =He in this case.

If a 60 cps magnetic field of the form Hy cos 2nvt is

superposed on the static magnetic field, the quadratic shift due to

this field is

2750 (A, cos 2avt)* = 1375

An upper limit of = .005 gauss was maintained in these experiments

ag measured by a pick-up coil. This introduces an error of less than

eps.

The wall-collision shifts can be treated as in the case of

the Cesium experiment in Part I of this paper. As also discussed in

Chapter V, the mean phase shift per collision, 6, is related to the

frequency shift by

0

where t, is the mean wall collision time. Therefore, measurements of
the hyperfine frequency with bulbs of different diameter should

determine 6. This assumes that the surface ‘properties, -as given by 6,

are reproducible from bulb to bulb.
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The error in the quadratic field shift is given by 

u(2750 H2) • 5500 H AH cps • 5500 H 
!J.v 

z 

Since the static field in the laboratory after compensation is about 

80 milligauss, an error in Zeeman frequency of 100 cps introduces an 

error of only .OJ cps. Although the Zeeman. transition measures a 

value of H, there is negligible error in assuming n2 = ii"2 in this case . 

If a 60 cps magnetic field ~f the form H cos 2rrvt is 
0 

superposed on the static magnetic field, the quadratic shift due to 

this field is 

2750 (H COS 2rrvt) 2 
a 1375 H2 

0 0 

An upper limit of H • .005 gauss waa maintained in these experiments 
0 

as measured by a pick-up coil. This introduces an error of less than 

,04 cps. 

The wall-collision shifts can be treated as in the case of 

the Cesium experiment in Part I of this .paper. As also discussed in 

Chapter V, the mean phase shift per collision, 6, is related to the 

frequency shift by 

6 1 
flf = '2i • r 

0 

where t is the mean wall collision time. Therefore, measurements of 0 

the hyperfine frequency with bulbs of different diameter should 

determine 6. Thie asBWILes that the '!nlr~ce -properties, -as given by 6, 

are reproduc4.ble from bu}.b to bulb. 



Preliminary Data

The routine followed in measurements of the maser frequency was

as follows: The cavity resonance frequency and loaded Q were first

measured. This was followed by a Zeeman count, that is, the measurement

of the frequency of the low-field Zeeman transitions as detected by

reduction of the maser output power. A hyperfine count followed as a

series of 10 counts to .1 cps of tha 5.7 ke/sec signal. Zeeman counts

alternated with hyperfine counts in rapid succession to the extent

mecessary to obtain reasonable statistics. Runs using the Pierce Hall

Atomichron required 6 such sequences although there was no need for such

extended counting with the Lyman Laboratory Atomichron used as a standard.

The time required to make a complete run never exceeded 30 and

at this time the cavity resonance frequency was remeasured.

At the time of this writing, 29 runs on Dri-Film coated bulbs

of two sizes have been made. One bulb was of 6 1/2" diameter with a

4" long 9 mm ID entrance tube, the other bulb was of }, 1/2" diameter

with an .080" entrance aperture. The Pierce Hall Atomichron which is

operated and monitored by J. R. Plerce was the standard for most of the

   
  
  

  

runs. Tables I and II tabulate the results graphically for the zero

field hyperfine structure separation of atomic hydrogen. The minimum

error in these determinations is the 0.1 cps counting error of the

frequency counter.

The average of 13 runs with the 6 1/2" mlb, with the rms

eps + eps
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Preliminary Data 

The routine followed in measurements of the maser f requency was 

as follows: The cavity resonance frequency and loaded Q were first 

measured. This was followed by a Zeeman count, that ia, the measurement 

of the frequency of the low-field Zeeman transitions as det ected by 

reduction of the maser output power. A hyperfine count followed as a 

series of 10 counts to .1 cps of the 5.7 kc/sec signal. Zeeman counts 

alternated with hyperfine counts in rapid succession to the extent 

necessary to obtain r easonable statistics. Runs using the Pierce Hall 

Atomichron required 6 such sequences although there was no need for such 

extended counting with the Lyman Laboratory Atomichron used as a standard. 

!he time required to make a complete run never exceeded 30 minutes, and 

at this time the cavity resonance frequency was remeasured. 

At the time of this writing, 29 runs on Dri-Film coated bulbs 

of two sizes have been made. One bulb was of 6 1/211 diameter with a 

hn long 9 mm ID entrance tube, the other bulb was of u 1/2" diameter 

with an . 080" entrance aperture. The Pierce Hall Atamichron which is 

operated and monitored by J ·. R. Pierce was the standard for most of the 

runs. Tables I and II tabulate the results graphically for the zero 

field hyperfine structure separation of atomic hydrogen. The minimum 

error in these det erminations is the 0.1 cps counting error of the 

frequency counter. 

The average of 13 runs with the 6 1/2rr bulb, with therms 

deviation is 

1420,405,762.17 cps + 0.4 cps 
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and the corresponding numbers for the 1/2" bulb are

1420, 105,762.21 cps + 0.7 eps
The deviations among runs on a given bulb are larger than

expected, and are due to some systematic error or errora which are

as yet not understood, Three possible causes are; the stability of

the Atomichron, the fluctuations in the magnetic field, and wall

shifts.

The 100 ke/sec signal of the Atomichron was monitored throughout

these runs and was found not to vary by more than one part in 10)? over

any 8 hour period, and by not more than 2 parts in during all the

runs. As discussed in chapter VI, the short term stability of the

Atomichron is a factor of 10 worse. However, sufficient counts were

taken in each run to average out these short term fluctuations. It

seems improbable that fluctuations in the Atomichron could normally

account for an error in the measurement of more than 0.15 cps.

During the course of several runs, fluctuations in the magnetic

field were observed. These fluctuations were always less than 500 cps

at the Zeeman frequency, corresponding to a shift in the maser frequency

of at most 0.2 cps. Normally, the magnetic fields were essentially

constant, and this possible source of error can only be attributed to

a few of the experimental runs. The large rms deviation in the

measurements with the 6 1/2" bulb cannot reasonable be explained by

field drift.

It is not unlikely that wall collision shifts are responsible

for some spread in the measurements. Except for the earliest runs, the

Measurements were made in groups of two, usually separated by a time
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and the corresponding number s for the Li 1/2" bulb are 

lu20, L05, 762. 21 cps + 0. 7 cps 

The deviations among r uns on a · given bulb ar e l arger than 

expected, and are due to some systematic error or errors which are 

as yet not understood. Three possible causes ar e : t he stability of 

the Atomichron, the nuctuationa in the magnet ic field, and wall 

shifts. 

The 100 kc/sec si gnal of the Atomichron was monitor ed t hroughout 

these runs and was found not to vary by more than one i:art i n 1010 over 

any 8 hour period, and by not more than 2 parts in 1010 duri.Ilg all the 

runs. As discussed in chapter VI, the short term stability of the 

Atomichron is a factor of 10 worse. However, sufficient counts wer e 

taken in each run to average out these short term fluctuations. It 

seems improbable that fluctuations in the Atomichron could normally 

account for an error in the measurement of more than 0.15 cps . 

During the course of several runs, fluctuations in the magnetic 

field were observed . These fluctuations were always less than 500 cps 

at the Zeeman frequency, corresponding to a shift in the maser frequency 

of at most 0.2 cps . Normally, the magnetic fields were essentially 

constant, and this possible source of error can only be attributed to 

a few of the experimental runs. The large rms deviation in the 

measurements with the 6 1/2n bulb cannot r easonable be explained by 

field drift. 

It is not unlikely that wall collision shifts are responsible 

for some spread in the measurements. Except for the earliest runs, the 

measurements were made in groups of two, usually separated by a time 



RUN    

—

—

(uns 11-14 mode with moditied trequency stondord)

= cps

rms deviation =.7cps

125 15 1.75 20 2.25 25 2.75 3.0 3.25 3.5 3.75

FREQUENCY — 1,420,405,760 cps

TABLE I. DATA WITH 4%" BULB

= 1,420,405,762.17 cps

rms deviation =.4 cps

  

1.25 15 1.75 2.0 2.25 25 2.75 3.0 325 35 3.75
—e» FREQUENCY — 1,420,405,760 cps

TABLE I. OATA WITH 6%" BULB

16 
15 
14 
13 
12 

t 
11 
10 
9 

~ 8 
a:: 7 

t 
z 
:) 

a:: 

6 
5 
4 
3 
2 

13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 

TABLE I . 

1.25 1.5 1.75 2.0 

TABLE lI. 

( Runs I I -14 mode wi l/J modified frequency slondord) 

(611lav = 1,420,405,762.21 cps 

rms deviat ion = . 7 cps 

2.5 2.75 3.0 3.25 

-- FREQUENCY - 1,420,405,760 cps 

DATA WITH 41/. 
11 

BUL B 2 

3.5 

(611lav = 1,420,405,762.17 cps 

rms deviation = .4 cps 

3.25 

- FREQUENCY - 1,420,405,760 cps 

DATA WITH 61/. 11 
BUL B 2 

3.5 

3.75 

3.75 
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of about one hour. It was found that in most but not all instances,

good agreement was obtained between successive runs. However, from

one 2), hour period to the next, larger shifts were invariably observed.

Interpretation

It is seen that in the data taken with the l 1/2" bulb, runs

11-1) were shifted an average of 1.5 eps from the rest of the runs.

These runs were made with another Atomichron which was discovered to

have behaved anomalously during the evening of the data taking. If one

deletes these anomalous measurements, the new average for the 1/2"

bulb runs, with rms deviation is

cps + 0.2 eps

which is to be compared with the average of the 6 1/2" data;

1420,405,762.17 cps + 0.4 cps.

It should be noted that the apparent difference in the two frequency

determinations is quite comparable to typical deviations among

measurements of a given bulb. For a hydrogen velocity of 3 x 10°

em/sec, the frequency shifts can be expressed in terms of the mean

phase shift per collision, 6

=3x rolls cps

and © hl x 104% eps.

where the subscript corresponds to the size of the bulb. If the

average difference frequency of the two sets of runs is taken as

awall shift, then .33 = 104s, or 6# 3x 1075 rad/coll.

06 

of about one hour. It was f ound that i n most but not all instances, 

good agreement was obtained between successive runs . However
1 

from 

one 2L hour period to the next, larger shift s were invariably observed . 

Interpretation 

It is seen that in the data taken with the L 1/2n bul b, runs 

11-14 were shifted an average of 1 .5 cps from the r est of the runs . 

These runs were made with another Atomichron which was discover ed t o 

have behaved anomalously during the evening of the data taking. If one 

deletes these anomalous measurements, the new average for the L 1/2" 

bulb runs, with rms deviation is 

1L20,405,761.84 cps + 0.2 cps 

which is to be compared with the average of the 6 1/211 data: 

1L20,L05,762.17 cps : 0.4 cps. 

It should be noted that the apparent difference in the two frequency 

determinations is quite comparable to typical deviations among 

measurements of a given bulb. For a hydrogen velocity of 3 x 105 

cm/sec, the frequency shifts can be expressed in terms of the mean 

phase shift per collision, 6 

-(of)6 = 3 x 1046 cps 

and -( uf)L = 4.1 x 1045 cps. 

where the subscript corresponds to the size of the bulb. If the 

average difference frequency of the two sets of runs is taken as 

a wall shift, then .33 = 1.1 x 1046, or 6 = 3 x 10- 5 rad/coll. 
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To explain the typical deviation of about 0.3 cps among runs on the

61/2" bulb, the mean Phase shift per collision, 6 would have to vary

by an amount 4, where 3 x 04. 2.3, or oa 107 per collision.

This is about 30 per cent of the average 6, but this is not unreasonable

in view of the sensitivity of 6 to the adsorption energy as in (2.2h).

An upper limit to the mean phase shift for hydrogen on Dri-Film

can be inferred from the data. The frequency difference of the two

bulbs is certainly less than 1 cps, and therefore

1>l.x 104g

and thus é< radians/collision.

The maximum number of bounces which can be used is given by

diet 21
2

108

Assuming there are no other relaxation mechanisms, the storage time

obtainable with this number of bounces using a 6 1/2" diameter bulb

is about 6000 seconds or 100 minutes.

Pulsed Operation and Relaxation Times

The initial observations of stimulated emission in atomic

hydrogen were made using a pulse technique. As discussed in chapter

VII, the exponentially decaying power level in the cavity gives a

direct measure of the relaxation times of atomic hydrogen in the bulb,

assuming the operating conditions are far from oscillation threshold.

Figure 26 is a photograph of a typical oscilloscope trace of

the output of the detector phase discriminator. Here the coupling
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To explain the typical deviation of about 0 . 3 cps among runs on the 

6 1/211 bulb, the mean phase shift per col lision, 6 would have t o vary 

by an amount 0 , where 3 x l Oho c .3, or o = 10- 5r adi ans per collision. 

This is about 30 per cent of the average o, but t his is not unreasonable 

in view of the sensitivity of 6 to the adsor pt ion ener gy as in ( 2 . 20) . 

An upper limit to the mean phase shift f or hydrogen on Dri-Film 

can be inferred from the data. The frequency di ffer ence of t he t wo 

bulbs is certainly less than 1 cps, and therefore 

and thus 6 < 10-h radians/collision. 

The maximum number of bounces which can be used is given by 

1 no2 
= 1 

2 

Assuming there are no other relaxation mechanisms, the storage time 

obtainable with this number of bounces using a 6 1/211 diameter bulb 

is about 6000 seconds or 100 minutes. 

Pulsed Operation and Relaxation Times 

The initial obser vations of stimulated emission in atomic 

hydrogen were made using a pulse technique. As discussed in chapter 

VII, the exponentially decaying power level in the cavity gives a 

direct measure of the relaxation times of atomic hydrogen i n the bulb, 

assuming the operating conditions are far from oscillation threshold. 

Figure 26 is a photograph of a typical oscilloscope trace of 

the output of the detector phase discriminator. Here the coupling 
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loop was adjusted for maximum loading of the cavity. The bulb has a

diameter of 6 1/2" with a " entrance tube of 9 mm ID. For such a

pulb, the relaxation time corresponding to the escape of atoms from

the bulb is 200 milliseconds. It is seen from the photograph that

the experimental relaxation time is approximately 300 msec. The flux

was sufficiently high in this case that even maximum cavity loading

could not prevent beam enhancement of the relaxation time. Upon a

slight decoupling of the loop, the maser broke into strong oscillation.

Using lower fluxes, and another bulb, relaxation times of up to 300 msec

have been measured. However, the relaxation times to be axpected on

geometrical grounds were a full second in these cases.

The first thought is to explain the 0.3 second relaxation time

in terms of a wall relaxation effect, but the experimental results

on the frequency shifts have set an upper limit to the mean phase

shift per collision of radians. To explain the present

relaxation time of .3 seconds, the phase shift per collision would

have to be about 0.015 radians, and therefore the wall collisions

camot explain this short relaxation time.

As discussed earlier, it was found that with all transverse

components of the magnetic field cancelled out as well as possible,

the component along the axis can not be reduced to less than about

50 milligauss without quenching the maser oscillation. This fact

can be explained in terms of the transverse inhomogeneities of the

Helmholz coils themselves. For small static fields, Fourier

components of the inhomogeneous fields at the Zeeman frequency can induce

transitions which are similar to Majorana flops within the bulb.
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These flops have the same effect on the maser as the externally, induced

Zeeman transitions used to monitor the magnetic field. ‘That is, the

mean lifetime is shortened and the maser oscillation is quenched. It

is thought that the measured relaxation time of .3 sec can be explained

by this mechanism. It has been found that increasing the z field can

increase the relaxation time slightly in some cases, which is consistent

with this theory.

Multiple Pulse Methods

In the pulse technique previously described, the pulse repetition

frequency is ordinarily so low compared to the relaxation time that

there is no phase coherence between atomic states after successive

pulses. On the other hand, if the repetition frequency 18 so high

that the time between pulses is less than the relaxation time, states

would be expected to be phase correlated for two or more successive

pulses. In analogy to atomic beam experiments with separated

oscillatory fields, interference effects are to be expected.

The single pulse excitation of the cavity corresponds in the

semiclassical description to a flipping of the electron spin by 90°

into a radiating state. The response of the spin system to a variable

frequency pulse of this type would then have a maximum at the

resonance frequency of the transition, with a width equal to that

of the Fourier spectrum of the pulae.

If, instead, the pulse length and amplitude are adjusted such

that two pulses of rf are required to attain the 90° state, then the

would have a broad response characteristic of the pulse length,

These flops have the same effect on the maser as the ext ernally,induced 
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is thought that the measured relaxation time of . 3 sec can be explai ned 

by this mechanism. It has been found that increasi ng the z field can 

increase the r elaxation time slightly in some cases, which is consistent 

with this theory. 
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there is no phase coherence between atomic states after successive 

pulse s . On the other hand, if the repetition frequency is so high 

that the time between pulses is less than the relaxation time, states 

would be expected to be phase correlated for two or more successive 

pulses. In analogy to atomic beam experiments with separated 

oscillatory fields, interference effects are to be expected. 

The single pulse excitation of the cavity corresponds in the 

semiclassical description to a flipping of the electron spin by 90° 

into a radiating state. The response of the spin system to a variable 

frequency pulse of this type would then have a maximum at the 

resonance frequency of the transition, with a width equal to that 

of the Fourier spectrum of the pulse . 

If, instead, the pulse length and amplitude are adjusted such 

that two pulses of rf ar e required to attain the 90° state, then the 

system would have a br oad r esponse charact eristic of the pulse l ength., 
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on which is superposed narrower fringes whose width is characteristic

of the time between pulses. In the case of high pulsing power, on

the other hand, the spectrum of the rf consists of strong sidebands

separated by the pulse repetition frequency. As the carrier

frequency is swept, the spin system will respond to any sideband

satisfying the resonance condition. Therefore, the response of

the hytirogen to a high power train of pulses, is a broad response

with a large number of subsidiary maxima separated by the

repetition frequency.

This characteristic behaviour is illustrated in fig 27.

These curves are a measure of the integrated pulsed stimlated

emission in the cavity as ea function of stimlating frequency.

Direction of Future Work

The techniques developed in this research should make possible

a number of interesting experiments. To realize the full capabilities

of the technique in high precision rf Spectroscopy, it will be necessary

to build a second atomic hydrogen maser a8 comparison standard. With

careful design, a stability of one part in 1084 should not be an

unrealistic figure for both masers. This should allow measurement of

the ratios of hyperfine structure separations of the hydrogen

isotopes to 13 significant figures. With this stability, the effects

of wall collisions can be more accurately measured. This in turn

will determine the ultimate limit to the storage time in bulbs of

different coatings, and may lead to a better under standing of wall

collision interactions,
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The g value of the electron is a quantity of considerable

theoretical interest. It may be possible to sustain maser oscillation

in magnetic fields of sufficient magnitude that the maser frequency

just equals the free electron cyclotron resonance frequency in the

same If free electrons can be obtained in the maser cavity

at this magnetic field, it should be possible to measure the magnetic

moment of the electron in hydrogen in terms of the free electron

moment directly.

The atomic hydrogen density in the storage bulb van be increased

to the point that spin-exchange collisions become the dominant relaxation

mechanism. Thus it should be possible to obtain a measure of the

eross-section for this interaction.
|

The Breit-Rabi formula has never been checked at extremely

Low magnetic fields. If the problem of field homogeneities can be
adequately overcome, it will be possible to check this formila to high
pocuracy at extremely low fields.

4s a frequency standard the maser should have an extremely

inherent stability, as discussed in chapter VII. It will be

isscessary to verify these predictions and evaluate the influence of

bing effects such as stray magnetic fields, temperature

   

   

  

tions, and reproducibility of wall collision effects.

The maser can be made quite compact if the source and state

r could be eliminated. An optical pumping scheme might provide

‘alternative means of obtaining the requisite polarized atomic

gen density within the bulb.
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Lastly, should the maser indicate a stability which verifies

present speculations, it will be possible to perform a number of

relativistic clock experiments of unprecedented precision.
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APPENDIX A

SOLID ANGLE OF FOCUSSING MAGNET.

In the following calculations, it is assumed that the source

lies within the magnet and that the trajectories are sinusoidal. A

small correction for the first assumption is made later. The

assumption of sinusoidal trajectories is equivalent to that of a fixed

magnetic moment for the atom, which is a good approximation for the

(1,0) state in hydrogen with the fields used.

te

= -V¢ wk) “uz

where

2
He 4H, (r/a,)

2uH,
r= rT sin = t

but

x = vt

and thug

si “rer n x.

If we chose the most probable velocity in the beam, we obtain

r=r_ sin kx
oO

- Jaa, - Jia, (A.2)

mv"a kTaWw  
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o ma 
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Figure 26 indicates the parameter used in thia analysis.

Within the magnet, a typical trajectory of the form sin kx

is assumed, where r is measured transverse to the beam and x along

the axis of the magnet. The origin of coordinates lies at the source.

By equating slopes at x = 1, the straight-line trajectory outside the

magnet is found to be

Yo "3, [ein kl + (x-1)k cos k1j.

We require the trajectory to intersect the axis at the target:

ro(1eL) =O. {sin kl ¢ Lk cos kl].

Therefore

tan k1 = -Lk (a.2)

For focussing trajectories, k is seen to be fixed by the geometry.

However, as the target has a radius d, a finite spread of k, ok, will

be focussed, where

[ry (x,k) ] | ok = 2d
x

The derivative of r(x,k) with respect to k

r, ((1 # L) cos kl - Llk sin k1} = (A. 3)

The parameter A is defined by (A.3) and is a function of the geometry.

Therefore we have

2d
4k =
 

(A.4)

Figure 28 i ndicat es the parameter used in this analysis. 
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That is, the allowed spread in k for any set of trajectories with fixed

ry varies inversely as Po Referring to figure 28, the value X is
conventently chosen such that x < X.

gs =r sin kX
oO

 2 sin kX
° 8

and therefore from we have

2dsinkx
8

4k

which gives the allowed spread in k in terms of a convenient variable

s. From (A.1) we seo that k vaties inversely as the velocity v, and

therefore

ok dv
A.

k 7 (A.7)

this relates the allowed spread in velocities, dv, to that in k, ok,

gp in (A.6). The distribution governing velocities in the beam is

‘ied Maxwellian distribution (RAM 56).

I a

1/2n 7 = kT  

 
m (A.7)

I(vjdv _ aut ak
kI, x
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merefore, is the fraction of the beam which will be focussed. We

can express the total focussed flux at the target as

3
max

To 2nsds uk7 er
Shin

or since H
I= 2

we have

2usds 2d sin kx

x2 Ak 8 ’
 

sin kX J ds

wax?

or

2
sin“kx

Q = (A.8)

off wax?

the result expresses the effective solid angle for a source within the

If the source lies a diatance RB, outside the magnet entrance,

the expression is corrected by the factor where the optimum

value of is given by

r,sin kx = RAF keos xX (a.9)

and 2hnad , (A.10)

eff KAR’
8

As a numerical example, let 1 = 12", L = 48", 2d = 0,080", X=

Then, from (A.2) we find k = inch? and therefore

sin kX = .505. applying (A.3) we find A = 75.1, while from (A.9) we
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obtain R, h.u5". Substituting these values into (A.10), we finally

=l. 10obtain App = 1-5 x steradians.

The requisite magnetic field strength may be calculated from (A.1)

using the calculated value of k = .132 to obtain

2
3kTa 2
dye

H(gauss) «=

= 3000 gauss at room temperature.

In the present magnet, we have not been able to maximize the focussed

for fields of up to approximately 5500 gauss. ‘This would suggest

pout the most probable velocity in the beam is characteristic of a
perature appreciably higher than room temperature.
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obtain R = 4.45". Substitutin& these values into (A.10) , we finally 
s 

-h 
obtain neff = 1.5 x 10 steradians. 

The requisite magnetic field strength may be calculated from (A.1) 

using the calculated value of k = .132 to obtain 

H(gauss) 3kTa2 2 
= - - k 

41 

= 3000 gauss at room temperature. 

In the present magnet, we have not been able to maximize the focussed 

nux for fields of up to approximately 5500 gauss. This would suggest 

that the most probable velocity in the beam is characteristic of a 

temperature appreciably higher than room temperature. 
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APPENDIX B

CAVITY FIELD AVERAGES

The magnetic fields within a cylindrical cavity resonant in the

TE mode are given by (MON 18)

12Hq CL

= nzeos

where = J, (ka) = 0, or ka = 3.832, The resonant wavelength is

related to the cavity dimensions through

2
= (1/2)? +

where L and a are the cavity length and radius respectively. If we

assume a cavity with 2a = L, we obtain for a resonant frequency of

  
  
  
  

  

0 mc/sec the value L = 27.78 cm.

The two quantities of greatest interest are the mean squared

of the total magnetic field over the entire cavity, and the

value of the z component of the field over the region of the

age bulb. It is not clear how the quartz tulb affects the mode

butions, and these calculations assume that the field distri-

ons remain unchanged by the bulb. The mean squared value of the

is given by

He = ay = wh J + Hg ) raraz

APPENDIX B 

CAVITY FIELD AVERAGES 

The magnetic f ields wi t hin a cylindrical cavity r esonant in the 

TE011 mode are given by (MON l.i8) 

H = 2 H J' ( kr) cos ~ 
r kL o o J.., 

H = 0 
8 
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ad ma [ JeJ oar) sin®

0 0

a

. ity J +

0

2
L vo drdzg + f

& L

Jag cos’
9

a

Je (ke rar]
0

The integrals over
are given by (Mac 3h)

a

2 re 2 a 2

J ae “ xl vile) 4 a
a

J = xr J 2 (er) +ien

Now, we have = Jy and J, (ka) = 0,

3 2

= 35

0

and since J4(z) -i Jy(z) -

Therefore

we obtain

a > 2

a” 2froy(er)dr =
0

Lastly, since J (x) we obtain the result

He
= 1+

= 2Ho = He i
 [1+

= 2or since J,(ka) = one obtains H = 0.07) Ha

.. 
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a L 

r drdz + ( n/kL/ J j Ji cos2 ~zrdr::iz] 

0 0 

The integrals over rare given by (MAC JL) 

a 

J rJ!(Ia-)dr ~ ¢r Ji (kr) + J! (kr)JI: 
0 

we obtain 
a 

J r Ji (lcr )cir = 
0 

Lastly, since J
0

(x) - - J
2
(x), we obtain the result 

- 2 or since J (ka) = -0.L028, one obtains H2 = O.OL7L H
0 

0 
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The phase of reverses in the mode beyond a certain

radius which is given by the first zero of J If ry denotes this

yadius, then = O implies kr, = 2.405. We also note that

J, (2.405) = -0,5191. The space average of over the storage bulb

dimensions is approximated by the following integral

3L/4 rg

i = Hard
Z ted raz

Te

_

7 rd sins dz

eff oO

r
c

= 2

nv
aq Jra,(ke )ar

eff 0  

  
 

| The integral is given by

Po c
. 1

= a

i oo)"
= x.

erefore, one obtains

2L 2r
i

1m, ak

2° 0.304,

=I
8
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1 1

Using this and the previous result, we find 5 = (.30)(1/.0h7L)2 (13,

or 1

HD = 1.37 [H7] 2

We may now compute the total average stored energy within the cavity, which

is given by

1 pl, 42.2
Woe

ie | wae >

2

WoF
=—zl 5 av

The integral has been calculated. Thus

Ss 1 +0Hy = ae HY.
7 fo}

result can also be written

Gye
2

0° im -09

 

— —

we kn (Hi
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Using this and the previous r esult, we f ind 'fr= (.30) (1/. 0L7L)2 (~)~, 

z 

or 
1 

H = 1.37 ~ 1 z 

We may now compute the total average stored energy within the cavity, which 

is given by 

- 1 j H
2 

W = - dV 1m 2 

The integral has been calculated. Thus 

= 

The result can also be written 

-w = 
4rr 
V .0474 cii )2 

z .09 
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